INTRODUCTION
Let G be a finite non-abelian group and Z(G) be its center. The commuting graph of G, denoted by Γ(G), is the graph whose vertex set is G \ Z(G) and two distinct vertices x and y are joined by an edge if xy = yx. Observe that the commuting graph is a finite simple graph. The commuting graph has been studied in several contexts, for example, see [Seg99] , [SS02] and [AMRR06] . Also, it would be interesting to compare our results with [BBPR03a] , [BBPR03b] , [BBPR04] and [BBHR07] though they consider the commuting involution graph for Coxeter groups, symmetric groups, special linear groups, and Sporadic simple groups respectively. The idea of commuting graphs can be traced back to the works of Brauer and Fowler in [BF55] and Fischer in [Fis71] and Kegel and Gruenberg in [KG75] .
A graph is said to be a k−star graph if it is the complete bipartite graph K 1,k , i.e., a tree with one internal vertex and k edges. We say that Γ(G) (or simply G) is strong k−star free if the k−star graph is not a subgraph of Γ(G), and similarly Γ(G) (or simply G) is k−star free if the k−star graph is not an induced subgraph of Γ(G). A natural problem to study would be to classify all strong k−star free groups using commuting graphs. One of the most extensively studied objects is the claw-free graphs. We say that Γ(G) (or simply G) is strong claw-free if Γ(G) is strong 3−star free, and similarly Γ(G) (or simply G) is claw-free if Γ(G) is 3−star free. There has been extensive work in the subject, for example, see [FFR97] , [CS08] , [FOOS11] just to name a few. The article by M. Chudnovsky and P. Seymour, see [CS] , gives a good reference to understand the structure of claw-free graphs. In [MEFDGW16] , A. Mohammadian et. al. studied a group with triangle-free commuting graph. In this paper, we give a complete classification of strong 5− star free groups from which 4−star free and 3−star free results will follow as a corollary. The main result of this paper is the following: Theorem 1.1. The only strong 5−star free finite non-abelian groups are S 3 , D 10 , A 4 ,
, where C n denotes the cyclic group of order n.
As an immediate corollary, we have Corollary 1.2. The only strong 4−star free finite non-abelian groups are
We give the complete classification of the claw-free group and prove the following Corollary 1.3. The only strong claw-free finite non-abelian groups are S 3 , A 4 , D 8 and Q 8 .
Let G be a group that is strong k−star free then G is strong (k + 1)−star free. In view of this simple observation, we define the strong star number, denoted by S(G), to be the smallest k such that G is strong k−star free. Theorem 1.4. Let SF(k) be the set of all non-abelian groups G whose commuting graph Γ(G) is strong k−star free, then |SF(k)| is finite for each k ∈ N.
In Section 2, we give all the preliminaries which will be used in the rest of this paper. In Section 3, we classify all strong k−star free groups for k = 2, 3, 4, 5 and give the proof of our main results 3.3, 3.5 and 3.4. Section 4 contains the proof of Theorem 1.4. In the last Section 5, we study star freeness of dihedral groups.
PRELIMINARIES
In this section, we fix some notations and terminologies which will be used throughout this paper. Unless otherwise specified, we will always assume that G is a non-abelian finite group. The set of all non-central elements in G will be denoted by N C(G). For a subset A ⊂ G, we denote the centralizer of A in G by C G (A). If A = {x}, we write C G (x) in short.
Lemma 2.1. Let G be a group and x be an element of N C(G) such that |C G (x)| ≥ (k + 1) + |Z(G)|, then Γ(G) has k-star as its subgraph.
Proof. From the given condition, C G (x) contains at least k non-central elements, say {a 1 , a 2 , . . . , a k }, that are different from x. Then it is clear that the vertices {x, a 1 , a 2 , . . . , a k } gives rise to a k-star subgraph in Γ(G). Proof. Follows from the above lemma.
Remark. Any finite abelian group G satisfies the condition given in the previous lemma vacuously and hence the corresponding commuting graph Γ(G) is k−star free. ∈ N for some t ∈ N. This implies that t(m − k) = 1. Note that t ∈ N so t = m − k = 1. This shows that m = n = 1 and the proof follows.
Lemma 2.4. If G is strong k−star free, then the center has at most k elements.
Given that G is strong k−star free, this implies that z x − z < k + 1, i.e., z x − z ≤ k (follows from Corollary 2.2). Since x is non-central, z x > z and also we have z|z x , therefore z x = zt for some t ( = 1) ∈ N. Thus z(t − 1) ≤ k. Hence z ≤ k.
STAR FREE COMMUTING GRAPHS
In this section, we classify all strong 5−star free commuting graphs. As an application of this we also classify all the claw-free commuting graphs, which is of independent interest, for example, see [CS08] .
3.1. Trivial center case. In this case, by Corollary 2.2 we have, Γ(G) is strong 5−star free if and only if |C G (x)| ≤ 6 for all x ( = e) ∈ G. We shall deal case by case.
Remark. Because of Lemma 2.3, if a group G satisfies one of the following condition |C G (x)| = 2, 3, 4, 5 or 6 for all x ( = e) ∈ G, then G is the trivial group and hence strong 5−star free. Hence we don't need to consider these cases.
Now we remain with the following cases:
(3.10)
(3.14)
(3.23) |C G (x)| = 2 or 3 or 5 or 6 ∀ x ( = e) ∈ G.
(3.24) |C G (x)| = 2 or 4 or 5 or 6 ∀ x ( = e) ∈ G.
(3.25) |C G (x)| = 3 or 4 or 5 or 6 ∀ x ( = e) ∈ G.
(3.26) |C G (x)| = 2 or 3 or 4 or 5 or 6 ∀ x ( = e) ∈ G.
Lemma 3.1. There is no non-abelian group G of order n with trivial center which satisfies Equations (3.2), (3.4), (3.6), (3.7), (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.15), (3.16), (3.18), (3.19), (3.20), (3.21), (3.22), (3.23), (3.24), (3.25), and (3.26).
Proof. The proof of this lemma follows from the class equation. Here we are going to prove for two equations to see how it works. Also, this sort of argument has been used several times in our paper. From Equation (3.2), we have
. Therefore n(2 − k 2 ) = 4 with k 2 ∈ N. Hence n = 4 and this case is not possible.
From Equation (3.11), we have n − 1 = k 1 n 2
. Clearly, k 1 = 1 so we have
. Therefore n(2 − 3k 3 ) = 12, which is not possible as n ∈ N. If k 2 = 2, then we have
. Hence
, which is absurd. The remaining cases are similar.
Lemma 3.2. Let G be a finite group of order n with the trivial center and satisfies Equation (3.1), then G is isomorphic to S 3 , the symmetric group on 3 symbols.
Proof. By class equation we have n − 1 = k 1 n 2 + k 2 n 3 for some k 1 , k 2 ∈ N. Clearly, k 1 = 1 and thus we have
. This implies that n(3 − 2k 2 ) = 6, where n, k 2 ∈ N. Hence n = 6 and the result follows.
Lemma 3.3. Let G be a finite group of order n with the trivial center and satisfies Equation (3.3), then G is isomorphic to D 10 , the dihedral group of order 10.
Proof. Let G be a group of order n which satisfies the given assumptions. In this case, we have n−1 = k 1 n 2 +k 2 n 5
. Clearly, k 1 = 1. Thus we have
. Therefore n(5 − nk 2 ) = 10 where k 2 ∈ N. Hence k 2 = 2 and n = 10. Now D 10 is the only nonabelian group of order 10 along with the class equation 1 + 2 + 2 + 5. Hence G is isomorphic to D 10 .
Lemma 3.4. Let G be a finite group of order n with the trivial center and satisfies Equation (3.5), then G is isomorphic to A 4 , the alternating group on 4 symbols.
Proof. From Equation (3.5), we have,
. Thus n(8 − 3k 2 ) = 12, where n, k 2 ∈ N. Therefore k 2 = 2 and n = 6. Hence G ∼ = S 3 which is clearly not possible.
If k 1 = 2, then we have n − 1 = 2
. Thus n(4 − 3k 2 ) = 12 with n, k 2 ∈ N. Therefore k 2 = 1 and n = 12. Clearly, D 12 is not satisfying the given assumptions but A 4 does. Hence G ∼ = A 4 .
Lemma 3.5. Let G be a finite group of order n with the trivial center which satisfies Equation (3.8), then G is isomorphic to GA(1, 5), general affine group of order 1 over F 5 .
Proof. Follows from the class equation (20 = 1 + 4 + 5 + 5 + 5).
Lemma 3.6. Let G be a finite group of order n with the trivial center which satisfies Equation (3.17), then G is isomorphic to A 5 , the alternating group on 5 symbols.
Proof. Follows from the class equation (60 = 1 + 12 + 12 + 15 + 20).
3.2. Non-trivial center case. In this case, by Corollary 2.2, we have Γ(G) is strong k−star free if and only if |C G (x)| < k+|Z(G)| for all x ∈ N C(G). By our assumption of this section, we have |Z(G)| ≥ 2. Again by Lemma 2.3, we have |Z(G)| ≤ k. Now we shall deal case by case for k = 2, 3, 4, 5.
Lemma 3.7. Let G be a group with non-trivial center which is also strong 2−star free, then |C G (x)| = 4 for all x ∈ N C(G).
Proof. From Lemma 2.4, we have |Z(G)| = 2. Let x ∈ N C(G), then from Corollary 2.2, we have |C
Corollary 3.8. Let G be a finite group of order n with non-trivial center which is also strong 2−star free, then G is isomorphic to D 8 or Q 8 .
Proof. Follows from Lemma 3.7.
Lemma 3.9. Let G be a group with non-trivial center which is also strong claw-free, then either |C G (x)| = 4 or |C G (x)| = 6 for all x ∈ N C(G). Lemma 3.10. There is no group G of order n with |Z(G)| = 3 which is strong claw-free.
Proof. In view of Lemma 3.9, we have |C G (x)| = 6 for all x ∈ N C(G). Now by using class equation, n − 3 = k n 6 for some k ∈ N. This implies that n = 18 6−k for some k ∈ N. This implies that n = 6, 9 or 18. Since we are interested in non-abelian groups, we have n = 6 or 18. Clearly, n = 6 as S 3 has the trivial center. So we remain with the non-abelian group of order 18 with an order of the center is 3. We know from the classification there is no such group with this property. Hence there is no strong claw-free group satisfying this property.
Lemma 3.11. Let G be a finite group of order n such that |Z(G)| = 2. If G is strong claw-free then G is isomorphic to Q 8 or D 8 .
Proof. In view of Lemma 3.9, we have |C G (x)| = 4 for all x ∈ N C(G). Now by class equation, n − 2 = k n 4 for some k ∈ N. This implies that n = 8 4−k for some k ∈ N. Thus n = 4 or 8. Since we are interested in non-abelian groups, we have n = 8. Note that both Q 8 and D 8 have conjugacy clsss sizes 1, 1, 2, 2, 2 respectively. Now from the assumptions, it is clear that G ∼ = Q 8 or D 8 .
Lemma 3.12. Let G be a group with non-trivial center which is also strong 4−star free, then |C G (x)| = 4 or |C G (x)| = 6 or |C G (x)| = 8 or |C G (x)| = 4 or 6 for all x ∈ N C(G). Corollary 3.14. Let G be a group of order n with |Z(G)| = 2 such that it has centralizer sizes both 4 and 6, then G is isomorphic to D 12 or C 4 C 3 or SL(2, 3).
Proof. In view of Lemmas 3.12 and 3.13, and the similar computations as above using class equation the result follows.
Corollary 3.15. Let G be a group of order n with |Z(G)| = 4 and |C G (x)| = 8 for all
, where C n is the cyclic group of order n.
Proof. The result follows from the similar computations as above using class equation and, Lemmas 3.12 and 3.13.
Remark.
(1) There is no group G of order n with |Z(G)| = 3 which is strong 5− star free (resp. strong 4−star free) follows from Lemma 3.10.
(2) There is no group G of order n with |Z(G)| = 2 and |C G (x)| = 6 for all x ∈ N C(G) which is also strong 5− star free (resp. strong 4−star free) follows from the class equation.
3.3. Proof of Theorem 1.1. Follows from the previous remark and Lemmas 3.2, 3.3, 3.4, 3.5 and 3.6. There are only two strong 5−star free groups D 8 and Q 8 respectively with center of order 2 and centralizers have order 4 for all non-central elements follows from Lemma 3.11. There are only three strong 5−star free groups D 12 , C 4 C 3 and SL(2, 3) respectively with the center of order 2 and centralizers have order both 4 and 6 for all non-central elements follows from Lemma 3.14. Let G be a group of order n with |Z(G)| = 4 and |C G (x)| = 8 for all x ∈ N C(G), then G has order 16 and there are six of them satisfying the given assumptions and follows from Lemma 3.15. This completes the proof. Let G be a group such that Γ(G) is strong 2−star free, then Γ(G) is a disjoint union of paths of length 1 and isolated vertices. Proof. Follows from Lemmas 3.2 and 3.8. Now, we classify all the strong claw-free graphs. From this classification, it is now easy to separate the actual claw-free ones. Observe that a claw is a 3−star graph.
Below we have listed the commuting graphs of all the strong claw-free groups. From this, we observe that all of them are indeed claw-free. This completes the proof.
(1) There is no group G of order n with |Z(G)| = 3 which is strong 4− star free follows from Lemma 3.10.
(2) There is no group G of order n with |Z(G)| = 2 and |C G (x)| = 6 for all x ∈ N C(G) which is also strong 4− star free follows from the class equation.
3.5. Proof of Corollary 1.2. Follows from the previous remark and Theorem 1.1. This completes the proof.
4. PROOF OF THEOREM 1.4
Let G be a k−star free group. Equivalently, we have G satisfies |C G (x)| < (k + 1) + |Z(G)| for all x ∈ N C(G). In view of Lemma 2.4, we have |C G (x)| < 2k + 1 for all x ∈ N C(G).
First, we claim that the number of distinct centralizer sizes in G is bounded. Let {n 1 , n 2 , . . . , n m } be a distinct size of centralizers in G, given any such set we claim that m is bounded a fixed constant. Let the class equation of G be
Therefore we have
It is given that n i < 2k + 1 for all 1 ≤ i ≤ m and hence
Hence for a fixed k, m cannot be arbitrarily large and we assume this number is bounded by s. This shows that the cardinality of the set
is finite as the set S can be identified as a subset of [1, 2k + 1] s , where n 1 , n 2 , . . . , n m are the distinct sizes of the centralizers of some k−star free group G. Note that by Lemma 2.4, G is k−star free then |Z(G)| ≤ k.
Let n = {n 1 , n 2 , . . . , n m } be a set of positive integers satisfying n 1 < n 2 < · · · < n m for some m. We will show that there are finitely many groups G for which n ∈ C(k) . Let G(n) denote the set of all groups for which n ∈ C(k) and let G ∈ G(n).
Let S(n) be the set of all positive integer solutions to the equation
The above discussion shows that every G ∈ C(k) gives us a solution to the above equation. Hence we have a well-defined map χ : C(k) → S(n). Clearly, S(n) is finite as each m i cannot be arbitrarily large for all 1 ≤ i ≤ m. We claim that each (m 1 , m 2 , . . . , m m ) ∈ S(n) has finitely many preimages (can be empty also) which will prove our claim.
Let {m 1 , m 2 , . . . , m m } ∈ S(n) and consider l = m i=1 m i . Let G(l) be the set of all finite groups with l number of conjugacy classes and clearly, this set is finite. Also, we have χ −1 ({m 1 , m 2 , . . . , m m }) ⊂ G(l) and hence is finite. This completes the proof.
DIHEDRAL GROUPS AND STAR-FREENESS
In this section, we give an example of a group, namely, dihedral group D 2n of order 2n and its star-freeness.
Remark. Every finite non-abelian group G belongs to SF(k) for some k.
We have, In this section, we shall show that all these inclusions are strict. We define SF to be the limit of the above inclusions and because of the above remark it is clear that SF is equal to the set of all non-abelian groups. We denote the set of all non-abelian groups by G. Note that, we define the strong star number, denoted by S(G), to be the smallest k such that G is strong k−star free.
5.1. Trivial center case. In this case, n is odd and the class equation is given by
